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• § 9.1 7K½|�â��Ä�b½

• § 9.2 Black-Scholes�.
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§9.2 Black-Scholes���...
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9.2.1 ÏÏÏ���½½½ddd¯̄̄KKK���£££ããã

±e�ÄîªwÞÏ�§·��ÑBlack-SholesÏ�

½dúª"

��,«ºx]�£X�¦¤3t���d��St,¿�§÷

vXe�.:

dSt = µStdt+ σStdBt, t ∈ [0, T ] (9.2.1)

Ù¥~ê�L«ºx]��²þ£�Ç,�(¿0)L«ºx]

��ÅÄÇ§(Bt)L«IOBrown$Ä£3VÇÿÝPe¤§

TL«Ï���ÏF"

�§£9.2.1¤�)´AÛBrown$Äµ

St = S0exp{(µ−
σ2

2
)t+ σBt} (9.2.2)
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��Ñ��Ãºx]�§dXe�©�§5�xµ

dβt = rβtdt, t ∈ [0, T ] (9.2.3)

b½�c�Õ1|Ç�~êr,
�Ø��mCz£¢S�¹

¥§Õ1|Ç¬��mu)Cz§d?�{z?n¤"

�^atL«t��Ý]uºx]��]7êþ§btL

«t��Ý]uÃºx]��]7êþ§(at, bt)¡���

Ý]|Ü"3t��§dêþ�at �ºx]�Úêþ�bt�

Ãºx]��¤�Ý]|Ü�ãL��

Vt = atSt + btβt, t ∈ [0, T ] (9.2.4)
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�b½Ý]|Ü´gK]�§=ãL�Oþ=dSt Úβt

�CÄÚå§=

dVt = atdSt + btdβt (9.2.5)

y3·�Ïé��gK]�üÑ(at, bt)Ú���A�ãLL

§Vt§¦�

Vt = atSt + btβt = u(T − t, St), t ∈ [0, T ]

Ù¥u(t, x)��¦�1w¼ê"

Ï�3�ÏFT��§Ý]|Ü��VTA�T���y

76(ST −K)+§������ªà^�"

VT = U(0, ST ) = (ST −K)+ (9.2.6)
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-f(t, x) = u(T − t, x)§KVt = f(t, St)§®�St÷v

XeÈ©�§

St = S0 + µ

∫ 1

0

Ssds+ σ

∫ t

0

SsdBs

dItôúª��µ

Vt − V0 = f(t, St)− f(0, S0)

=

∫ t

0

[
∂f(s, Ss)

∂t
− µSs

∂f(s, Ss)

∂x
+

1

2
σ2S2

s

∂f(s, Ss

∂x2

]
ds

+

∫ t

0

σSs
∂f(s, Ss)

∂x
dBs

=

∫ t

0

[
−
∂u(T − s, Ss)

∂t
+ µSs

∂u(T − s, Ss)
∂x

+
1

2
σ2S2

s

∂u(T − s, Ss
∂x2

]
ds

+

∫ t

0

σSs
∂T − s, Ss)

∂x
dBs (9.2.7)
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,��¡§(at, bt)´gK]�§�

Vt − V0 =

∫ t

0

asdSs +

∫ t

0

bsdβs

ddβ = rβtdt±9Vt = atSt + btβt��

bt =
Vt − atSt

βt

Vt − V0 =

∫ t

0

asdSs +

∫ t

0

Vs − asSs
βs

rβsds

=

∫ t

0

asdSs +

∫ t

0

r(Vs − asSs)ds

=

∫ t

0

[(µ− r)asSs + rVs]dS

+

∫ t

0

σasSsdBs (9.2.8)
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'�(9.2.7)�ªf(9.2.8)�

at =
∂u(T − t, St)

∂x
(9.2.9)

=��Xe �©�§µ

−
∂u(T − t, St)

∂t
+ rSt

∂u(T − t, St)
∂x

+
1

2
σ2S2

t

∂2u(T − t, St)
∂x2

− ru(T − t, St) = 0, t ∈ [0, T ]

=��u(t, x)÷v� �©�§�

∂u(t, x)

∂t
+ rx

∂u(t, x)

∂x
+

1

2
σ2x2∂

2u(t, x)

∂x2
− ru(t, x) = 0

x > 0, t ∈ [0, T ] (9.2.10)

dVT = u(0, ST ) = (ST −K)+��

u(0, x) = (x−K)+, x > 0 (9.2.11)
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9.2.2 Black-Scholesúúúªªª

��5`§¦)�� �©�§�w«)´'�(J�

¯�§�éõ�ÿÑ�UÏ¦ê�)"BlackÚScholesÄ

uÃù||G��¹§�âÃ@|�n,^Ä�E���{

í�Ñ
îªÏ�£wO½wÞ¤�½dúª§¿�´°(

�wª)"

 �©�§£9.2.10¤�)�µ

u(t, x) = xΦ(d1(t, x))−Ke−rtΦ(d2(t, x))

Ù¥Φ(x)´IOÙK$Ä�©Ù¼ê§

d1(t, x) =
ln(x/K) + (r + σ2

2
)t

σ
√
t

, d2 = d1 − σ
√
t
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=k

V0 = u(T, S0) = S0Φ(d1(T, S0))−Ke−rTΦ(d2(T, S0))

(9.2.12)

Ù¥

d1(T, S0) =
ln(S0/K) + (r + σ2

2
)T

σ
√
T

, d2 = d1(T, S0)−σ
√
T

�ÅL§V1 = u(T − t, St)L«�´gK]�Ý]|Ü3�
�t ∈ [0, T ]�d�§gK]Ý]üÑ(at, bt)�

at =
∂u(T − t, St)

∂x
, bt =

u(T − t, St)− atSt
βt

(9.2.13)

·�¡ª£9.2.13¤�Black-ScholesÏ�½dúª§��

Ï�d��²þ£�Çµ´Ã'�§��ÅÄÇσk'"
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XÛn)3Ã@|�Ke§Ï��Ð©d��q =

u(T, S0)?

b�Ð©Ï�d�q 6= p. ep > q§�æ^XeÝ

]üÑµ3��t = 0§±d�pòÏ�ñÑ§Ó��â

úª£9.2.13¤¤Jø�Ý]üÑÝ]q. ������

Ð©X|dp − q > 0. 3�ÏXT��§Ý]|Ü�d�

�aTST +bTβT = (ST−K)+§¿�kÂÖ|G(ST−K)+�

Ï��	ïö"ù¿�X§eST > K§7L±d�ST	ï

�¦§
±�1d�Kò�¦ñ�Ï��ï�§�À��

�ST−K¶eST ≤ K§Ï�Ø¬��1§�À|d�p−q§
ùÒ��
@|Å¬��3"ep < q§¬��aq�/�

u)"

�3Ã@|�Ke§Ï��Ð©d��½�q = u(T, S0).
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9.2.3 Black-Scholesúúúªªª���ííí���

HarrisonÚKreos31979cJÑ
�«�½d�{5

)ûÏ��½d¯K"�Black-Sholesúª�í��O�§

·�Äk0��dVÇÿÝ�­��Girsanov½n"

½½½ÂÂÂ 9.2.1 -PÚQ´½Â3σ�êFþ�ü�VÇÿ
Ý§e�3���K¼êf1§¦�

Q(A) =

∫
A

f1(w)dP (w), A ∈ F

K¡f1�VÇÿÝQ'uVÇÿÝP��Ý§�¡VÇ

ÿÝQ'uVÇÿÝPýéëY§P�Q� P .

½½½ÂÂÂ 9.2.2 eP'uQýéëY§�Q'uPýéë

Y§=Q � P�P � QÓ�¤á§K¡PÚQ´�d�V

ÇÿÝ"
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��/§·�^B = (Bt, t ∈ [0, T ])L«3VÇÿ

ÝPe�Brown$Ä"e�ÄXe/ª�L§

Bt = Bt + qt, t ∈ [0, T ]

Ù¥q�,�~ê"�q 6= 0s�§BtØ´IOBrown$Ä"

XJòVÇÿÝP=�¤��#�Ü·�VÇÿÝQ¦

� Bt3#�VÇÿÝQe´��IOBrown$Ä§ù=

´Girsanov½n)û�¯K"��/§-

Ft = σ(Bt, s ≤ t), t ∈ [0, T ]

L«dBrown$Ä)¤�g,σ�ê6"
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½½½nnn 9.2.1 -Y (t) ∈ Rn���ItôL§

dYt = ρtdt+ θtdBt

Ù¥Bt ∈ Rm, ρt ∈ Rn, θt ∈ Rm×n§b��3L§utÚαt§
¦� θtut = ρt − αt§-

Mt = exp

{
−
∫ t

0

usdBs −
1

2

∫ t

0

u2
sds

}
, dQ(w) = MT (w)dP (w)

Ù¥Mt´'uVÇÿÝP��§KQ�´VÇÿÝ¶

L§B̃t =
∫ t

0 usds + Bt, t ≤ T´'uVÇÿÝQ��

�IOBrown$Ä¶

�L§Yt÷vXe�§µ dYt = αtdt+ θtdB̃t

ÿÝC��8�´���Å�©�§¥�¤£�"
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~~~ 9.2.1 b�Y (t) = (Y1(t), Y2(t))T ∈ R2§�k

dY1(t) = 2dt+ dB1(t) + dB2(t)

dY2(t) = 4dt+ dB1(t)− dB2(t)

dY (t) =

(
2

4

)
dt+

(
1 1

1−1

)
dB(t); B(t) =

(
B1(t)

B2(t)

)

ÀJαt = 0§Kk

(
1 1

1−1

)(
u1

u2

)
=

(
2

4

)
§

k��)u1 = 3, u2 = −1"�-dQ(w) = exp{−3B1(T ) +

B2(T )− 5T}dP (w)§dB̃(t) =

(
3

−1

)
dt+ dB(t)§

3VÇÿÝQe§B(t)´��IOBrown$Ä§

�dY (t) =

(
1 1

1−1

)
dB̃(t)
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±e$^Girsanov½n5í�Black-Scholesúªµ

�¦�byd��S̃t = e−rtSt, t ∈ [0, T ]"3#�VÇ

ÿÝQe§S̃t´���"-f(t, x) = e−rtx§dItôúªk

dS̃t = σS̃tdB̃t, B̃t = Bt +
µ− r
σ

t, t ∈ [0, T ]

dGirsanov½n�§�3���d�ÿÝQ§¦�B̃t3

dÿÝe´��IOBrown$Ä§þª)�µ

S̃t = S̃0exp

{
−

1

2
σ2t+ σB̃t

}
3VÇÿÝQe����"
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½½½nnn 9.2.2 b�3Black-Scholes�.¥§�3��

gK]üÑ(at, bt)¦�Ý]|Ü3t���d��

Vt = atSt + btβt, t ∈ [0, T ]

�dÝ]|Ü3�ÏFT���d��u�½�Ã3T��

�d�§=

VT = h(ST )

KkÝ]|Ü3�ÏFt���d��

Vt = EQ
[
e−r(T−t)h(ST )|Ft

]
, t ∈ [0, T ]

Ù¥EQ(A|Ft)L«3#�VÇÿÝQe�ÅCþA'uFt =

σ(Bs, s ≤ t)�^�Ï""
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y²µ�Äby�ãLL§µ

Vt = e−rtVt = e−rt(atSt + btβt)

dItôúªkdṼt = −rṼtdt+ e−rtdVt �k

dṼt =−re−rt(atSt + btβt)dt+ e−rt(atdSt + btdβt)

= at(−re−rtStdt+ e−rtdSt)

= atdS̃t
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Ṽ0 = V0§�kṼ0 = V0 +
∫ t

0 asdS̃s = V0 + σ
∫ t

0 asS̃sdB̃s

3�d�ÿÝQe§B̃�IOBrown$Ä§{atS̃t, t ∈
[0, T ]}·A�"�{Ṽt}�'u(Ft)��"�d��5�k

Ṽt = EQ[ṼT |Ft] t ∈ [0, T ]

�ṼT = e−rtVT = e−rTh(ST )§�

e−rtVt = EQ[e−rTh(ST )|Ft]

=Vt = EQ[e−r(T−t)h(ST )|Ft]§½n�y"
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d½n9.2.2§·�O�îªwÞÏ��½dúªµ

-θ = T − t, t ∈ [0, T ]§�Ý]|Ü3��t�d��µ

Vt =EQ[e−rθh(ST )|Ft]

=EQ[e−rθh(Ste
(r−1

2σ
2)θ+σ(B̃T−B̃t))|Ft]

3��t§St´Bt�¼ê§�kσ(St) ⊂ Ft¶,	§3VÇÿ
ÝQe§B̃T − B̃t 'uFtÕá¿�äk��©Ù"d^�Ï
"�5�kµVt = f(t, St)§Ù¥

f(t, x) = e−rθ
∫ +∞

−∞
h[xe(r−1

2
σ2)θ+σyθ

1
2 ]ϕ(y)dy

ϕ(y)L«IO��©Ù��Ý¼ê"
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éuîªwÞÏ�5`§

h(x) = (x−K)+ = max{0, x−K}

�

f(t, x) =

∫ +∞

−z2

(xe−
1
2
σ2θ+σyθ

1
2 −Ke−rθ)ϕ(y)dy

= xΦ(z1)−Ke−rθΦ(z2)

Ù¥Φ(x)L«IO��©Ù�©Ù¼ê§�

z1 =
ln x

K
+ (r + 1

2
σ2)θ

σ
√
θ

, z2 = z1 − σ
√
θ

éuîªwOÏ�§h(x) = (K − x)+§æ^aq��ª�

Ñµ

f(t, x) = Ke−rθΦ(−z2)− xΦ(−z1)
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�!0��´²;�Black-Scholesúª"3é�¦d

�ÅÄÇ�¢SïÄ¥§dÅÄÇ¥yÑ�
ÚOA�µX

ÅÄÇ��§��©Ù§+à�A§þ�£E§m\�^

�"�éù
y�§NõÆöéBlack-Scholes�.¥I�

]�ÑlAÛBrown$Ä!ÅÄÇ�~ê�b��
U?"

éI�]��©Ù�?�¥§JÑ^a*ÑL§�5£ã�

dL§"éÅÄÇ�~ê�?�¥§�âÅÄÇ¼ê�A:

©�ü�aµ(½5ÅÄÇ�.Ú�ÅÅÄÇ�."


